We study a model of superfluid dynamics at finite temperature where the superfluid component is described by the vortex filament method and the normal fluid through the Navier-Stokes equations. The dynamics of both components are fully coupled in a self-consistent manner. We study the numerical issues emerging from the coupling of the two components. The main focus of this work is the choice of the numerical scheme for distributing the mutual friction force, supported on the vortex filaments, to the mesh points where the normal fluid is defined. In particular, we show that this is a crucial aspect of the fully coupled model and a non-careful choice leads to spurious results. We propose a new scheme based on physical grounds to overcome this issue. Finally, the new numerical method to solve the fully-coupled self-consistent model is then validated numerically.
I. INTRODUCTION
Quantum turbulence [1] [2] [3] can be loosely defined as the most general dynamical motion of tangles of quantised vortices in quantum fluids. Examples of the latter are Bose-Einstein Condensates (BECs) [4] , the low temperature liquid phases of isotopes 3 He and 4 He and the interior of neutron stars. In the present work we will focus on the superfluid phase of 4 He, frequently referred to as Helium II, which can be depicted as an intimate mixture of two fluids [5, 6] : a viscous normal fluid which can effectively be modelled as an ordinary (classical) Navier-Stokes fluid and an inviscid superfluid whose vorticity is entirely confined in one dimensional vortex lines of quantised circulation. These lines of established circulation couple the normal and superfluid components via a non-linear mutual friction force.
Despite the striking differences with respect to classical viscous fluids, several analogies between classical turbulence and quantum turbulence have surprisingly been established in the two last decades. For instance, experiments have revealed similar temporal decays of vorticity [7] and that He II energy spectra (which represent the distribution of kinetic energy over the length scales) obey the same classical Kolmogorov scaling at sufficiently large length scales [8] [9] [10] , in agreement with theoretical [11, 12] and numerical studies [13] [14] [15] [16] . Simultaneously, fundamental differences emerge when turbulent Helium II flows are probed at length scales smaller than the average inter-vortex spacings [17, 18] or are generated thermally as it occurs in turbulent counterflows [19] , a regime where the superfluid and normal components move in opposite directions driven by a heat flux [20] .
The comparison between quantum and classical turbulence still is a central and lively topic in low temperature physics and essential progress in the understanding of the underlying physics of quantum turbulent flows is provided by the recent development of new experimental techniques for the visualisation of superfluid helium flows. These techniques employ micron-sized tracers (both polymer particles [21] and solid hydrogen/deuterium flakes [22, 23] ) and laser-induced fluorescence of metastable helium molecules [24] .
Numerical simulations have also played a fundamental role in the comprehension of quantum turbulence as well as in interpreting gathered experimental data and proposing new experimental set ups. However, most numerical simulations have not investigated the fully coupled dynamics involving the normal fluid and its interplay with quantised superfluid vortices. Indeed, in many numerical studies in literature the normal fluid flow has been imposed a priori, without taking into account the back reaction Of the motion of superfluid vortices [25] . Only a minor number of investigations have addressed the fully coupled motion in A self-consistent approach. These very important efforts all present however some shortcomings: they are only confined to two-dimensional channels [26, 27] ; the resolution is too limited to address fully developed turbulence in both fluid components [28] ; they address simple vortex configurations [29? ]; the turbulence in the normal fluid is decaying with time (see e.g [31] ), not reaching a statistically steady state which is of fundamental importance for the comparison of Flow statistics with the classical counterpart.
In the present research, we propose and describe a numerical algorithm aiming at tackling all these shortcomings. Our fully-coupled, three-dimensional algorithm indeed displays innovative features concerning both the numerical architecture and the physical modeling of the normal fluid -superfluid vortices interaction. Distinctive of our approach with respect to past studies is in fact the elaboration of an efficiently parallelised pseudo-spectral code capable of distributing the calculation of the normal fluid velocity field and the temporal evolution of the superfluid vortex tangle amongst distinct computational cluster nodes. This characteristic of the algorithm allows the resolution of a wider range of flow length scales compared to past studies, spanning from large, quasi-classical scales to small quantum-signature scales. This is of fundamental importance for the numerical simulation of quantum turbulent flows with parameters closer to experiments. From the physical point of view, we elaborate a local model for the mutual friction force between superfluid vortices and the normal fluid which follows the most recent creeping flow approach [32] , slightly modified in order to avoid the unphysical dependence of the mutual interaction on the numerical discretisation on the vortex lines. In addition, this dissipative force between the vortices and the normal fluid (ideally a Dirac delta centred on the vortex lines) is regularised exactly employing the recently developed approach in classical turbulence [33, 34] for the consistent modelling of the two-way coupling between a viscous fluid and small, active particles. This approach stems from the small-scale viscous diffusion of the normal fluid disturbances generated by the vortex motion, regularising, hence, in a physically consistent manner the fluid response to vortex forcing. This is a significant improvement with respect to past algorithms which employed arbitrary numerical procedures for the distribution of the vortex forcing on the normal fluid Eulerian computational grid [35] .
The paper is organised as follows. In Section II we describe the equations of motion of the superfluid, the normal fluid and the quantised vortices, with a particular emphasis on the distinct existing models for the calculation of the mutual friction force. In Section III we outline the numerical method developed, including details on the Vortex Filament Method, the Navier-Stokes solver, interpolation schemes and the procedure employed for regularising consistently the mutual friction force. Next, in Section IV, we validate our algorithm and show its application to a quantum turbulent flow. Finally, in Section V we summarize the main points addressed and outline future work.
II. EQUATIONS OF MOTIONS
A. Low temperature 4 He, a quantum fluid At temperatures below T λ = 2.17 • K, liquid helium undergoes a second order phase transition where its lowtemperature liquid phase, known as Helium II, exhibits quantum-mechanical effects, unlike the high-temperature phase Helium I which can be adequately described as an ordinary classical newtonian fluid. In particular, according to the two-fluid model Helium II (frequently also referred to as He II) consists in the intimate mixture of two compenentrating fluid components [5, 6, [36] [37] [38] : a viscous normal fluid and an inviscid superfluid. Each component is characterised by its own cinematic and thermodynamic fluid variables. In this description of He II its total density ρ is the sum of the partial densities ρ n and ρ s (the subscripts 'n' and 's' corresponding to the normal and superfluid components, respectively), i.e. ρ = ρ n + ρ s . While ρ is approximately independent from the temperature T for T < T λ , the partial densities are strongly temperature dependent: at T λ He II is entirely normal; ρ n /ρ falls very sharply with decreasing temperature, until He II is entirely superfluid in the T → 0 limit.
The normal fluid can be essentially considered an ordinary (classical) viscous Navier-Stokes fluid, with non-vanishing dynamic viscosity η and entropy per unit mass s. In contrast, the superfluid component is inviscid and incapable of carrying entropy and, thus, heat: η s = s s = 0. The existence of two distinct velocity fields v n and v s physically signifies that locally two simultaneous distinct movements are possible without, however, being able to distinguish the velocity field obeyed by the single particles. It is possible, therefore, to describe Helium II as a quantum fluid capable of executing two motions at once, each of which involves its own effective mass, even though this characteristic does not imply that Helium II can actually be separated into his distinct components.
At sufficiently low relative velocities v ns between the two fluid components, the normal fluid and the superfluid are non-interacting phases, i.e. each component follows its own decoupled equations of motion. On the other hand, when v ns exceeds a small critical value, the two fluid motions couple as a result of the nucleation in the superfluid component of a disordered tangle of thin vortex lines of quantised circulation [37, 38] (unlike classical fluids whose vorticity is a continuous field). These superfluid quantised vortex lines act in fact as scattering centers for the elementary excitations (phonons and rotons) constituting the normal fluid [39, 40] producing a momentum exchange, hence a force, between the vortex lines and the normal component.
The presence of this mutual friction force F ns in the equations of motion of both fluid components, the two fluid nature and the quantisation of circulation are all signatures of the quantum nature of Helium II. All these aspects make Helium II a richer system to investigate with respect to classical fluid dynamics. In the present study we will focus in constructing a numerical framework to address simultaneously the temporal evolution of (i) the normal fluid velocity field and (ii) the superfluid vortex tangle spatial distribution, taking into account this non-classical mutual interaction. In the following Sections II B -II E we will outline the equations of motions of the two He II fluid components and the superfluid vortex lines and the expression of the mutual friction force employed in our numerical algorithm.
B. The normal fluid
The normal fluid can be described a gas of elementary excitations, namely phonons and rotons. In the range of temperatures which we are interested in, namely 1.5 • K < T < T λ , the normal fluid density is mostly due to rotons [40] whose mean free path is of the order of 10 −8 m, several orders of magnitude smaller than the characteristic size of current experimental facilities, 10 −3 m ÷ 10 0 m [41, 42] . The normal component can hence be effectively described as a fluid with its own velocity v n , density ρ n , entropy per unit mass s and dynamic viscosity η. Given the small temperature gradients observed in experiments [43] , ρ n , s and η can be treated as uniform and constant properties of the fluid. Furthermore, the normal fluid can adequately be treated as a newtonian fluid, i.e. the viscous stress tensor is linear in velocity gradients. Stemming from these physical characteristics of the normal component, a long series of studies have focused on the derivation of the equations of motion of Helium II in the presence of quantised vortex lines, at lengthscales ∆ much larger than the average inter-vortex spacing [40, [44] [45] [46] : these equations of motion are nowadays referred to as Hall-Vinen-Bekarevich-Khalatnikov (HVBK) equations. In the cited circumstance where the normal fluid undergoes an incompressible and isoentropic motion with constant and uniform dynamic viscosity, the HVBK equations of motion for the normal component in presence of superfluid vortices coincide with the Navier-Stokes equations for an incompressible classical viscous fluid with the addition of an extra term accounting for the mutual friction force:
where p is pressure. Considering hereafter only isothermal Helium II and introducing units of length and time, respectively λ and τ , Eqs. (1) and (2) can be made non-dimensional, as follows
where · indicates non-dimensional quantities and ν n = η/ρ n is the kinematic viscosity of the normal fluid. The numerical schemes for the integration of Eqs. (3) and (4) and the discussion concerning the open questions on the numerical handling of the mutual friction force F ns are illustrated in Sections III B and III D, respectively.
C. The superfluid
The complete set of HVBK equations consists of Eqs. (1) and (2) supplemented with the equations of motion of the superfluid component which, in the incompressible approximation, are as follows:
As already anticipated, the superfluid quantised vortex lines directly stem from the quantum nature of Helium II. More in particular, these vortex lines are topological defects of the superfluid component from which the superfluid is expelled and around which the circulation of the superfluid velocity is quantised in terms of the quantum of circulation κ = h/m, where h is Planck's constant and m is the mass of a 4 He atom, i.e.
Γ =
γ v s · dl = nκ , n ∈ Z
The superfluid vorticity ω s = ∇ × v s is confined to these quantised vortex-lines which can effectively be described as one-dimensional objects whose core size a 0 ≈ 10 −10 m is several orders of magnitude smaller than the flow length scales probed in the present work (≈ 10 −5 m ÷ 10 −6 m). The vortex lines can hence be treated as parametrised space curves s(ξ, t) in a three-dimensional domain, where ξ is arc-length and t is time. Within this mathematical description of vortex lines, the superfluid vorticity ω s can be expressed in terms of δ-distributions, as follows
where s (ξ, t) = ∂s(ξ, t) ∂ξ is the unit tangent vector to the curve s(ξ, t), L indicates the whole vortex tangle and arising from energy considerations it has been assumed that each vortex line has a single quantum of circulation (n is always equal to one in Eq. (7)). The superfluid velocity may hence be expressed in terms of the spatial distribution of vortex lines s(ξ, t) via the Biot-Savart integral [47] 
where ∇φ(x, t) is the potential flow arising from the macroscopic boundary conditions. The corresponding nondimensional equation is straightforwardly obtained and reads as follows:
The numerical computation of Eq. (10) is addressed in Section III A.
D. The mutual friction force
Historically, in the literature two distinct theoretical frameworks have been employed to model the mutual interaction between superfluid quantised vortices and normal fluid: a coarse-grained philosophy and a local approach. The former probes the flow at length scales ∆ much larger than the average inter-vortex spacing and was first derived in the pioneering studies of Hall and Vinen [39, 40] and successively employed in the studies leading to the HVBK theoretical formulation [44] [45] [46] . On the other hand, the local approach addresses Helium II dynamics at the scale of individual vortex line elements of length δ < and was first employed by Schwarz [47] [48] [49] and later reformulated by Kivotides, Barenghi and Samuels [29] .
Coarse-grained mutual friction
At length scales ∆ , the discrete and singular nature of the superfluid vorticity field is lost. As a result, the averaged superfluid velocity and vorticity fields, indicated hereafter with v s and ω s respectively, are continuous fields, smoothly varying on the macro-scale ∆. At these scales, Hall and Vinen deduced an expression for the mutual friction force F ns acting per unit volume on the normal fluid in a Helium II rotating bucket
where v n is the coarse-grained normal fluid velocity and B and B are mutual friction coefficients determined experimentally at scales ∆ via second sound attenuation measurements in a rotating bucket facility [39, 40] . The expression (11) has then been generalised for non-straight vortex configurations by Bekarevich and Khalatnikov [44] .
Local mutual friction
In order to make progress in the understanding of Helium II turbulence and, more in particular, superfluid vortex dynamics, following the deduction of expression (11) for the mutual friction force at a macroscopic scales, Schwarz derived the expression of the force per unit length f sn exerted by the normal fluid on a single vortex line element of length δ < , position s(ξ, t) and unit tangent vector s [47] :
where α = Bρ n /(2ρ), α = B ρ n /(2ρ) (B and B being the mutual friction coefficients introduced in Eq. (11)), v s = v s (s(ξ, t), t) defined by the Biot -Savart integral in Eq. (9) and V n = V n (s(ξ, t), t) is a prescribed normal fluid flow. The deduction of Eq. (12) is based on the following two important assumptions. First, it neglects the back reaction of the superfluid vortex motion on the flow of the normal fluid. It assumes in fact, that each vortex line element feels the normal fluid flow v n , i.e. a macroscopic velocity field averaged over a region containing many vortex lines (∆ ). The field v n is thus determined by the macroscopic boundary conditions of the flow investigated and is entirely decoupled from the superfluid vortex tangle evolution. As a consequence, in the framework elaborated by Schwarz, the normal fluid velocity field may be prescribed a priori, depending on the fluid dynamic characteristics of the system studied: the explicit presence of the prescribed flow V n in Eq. (12) aims at underlining this aspect which plays a crucial role in the present work. The second assumption, strongly linked to the previous, is the use of macroscopic coefficients α and α for the calculation of the mutual friction acting on a single vortex element: α and α are in fact simply redefinitions of the mutual friction coefficients B and B determined at large scales ∆ in a very particular vortex line configuration (namely an lattice of straight vortex lines) [39, 40] . Equation (12) on the contrary is intended to describe the force experienced by a vortex line element in a turbulent tangle.
This decoupling of the normal fluid flow from the vortex lines motion (and, hence, the possibility of imposing arbitrarily a priori the normal fluid velocity field V n (x, t) felt by the vortices) confers to the theoretical framework pioneered by Schwarz a kinematic character: the evolution of the vortex tangle is determined for a given imposed normal flow. This local kinematic approach has been extensively employed in past studies to shed light on fundamental aspects of superfluid turbulence. In particular, various models of imposed normal flow V n have been studied: uniform [49] [50] [51] [52] , parabolic [53] [54] [55] [56] , Hagen-Poiseuille and tail-flattened flows [57] , vortex tubes [58] ABC flows [59] , frozen normal fluid vortex tangles [60] , random waves [52] , time-frozen snapshots of turbulent solutions of Navier-Stokes equations [52, 54, 56] and time-dependent homogeneous and isotropic turbulent solutions of linearly forced Navier-Stokes equations [61] .
An alternative dynamical and self-consistent local approach has been formulated in order to take into account the back reaction of the motion of superfluid vortices onto the flow of the normal fluid [29, 30, 62] . This framework models the dragging of the roton gas of excitations constituting the normal fluid by the quantised vortices in relative motion with respect to the normal fluid itself. The velocity field hence varies at length scales smaller than the average inter-vortex spacing and depends on the evolution of the vortex tangle: it cannot be prescribed, but has to be determined via the integration of the incompressible Navier-Stokes equations (1) and (2) . This mismatch between the local normal fluid velocity v n perturbed by superfluid vortices (which we will hereafter refer to as mesoscopic normal velocity) and the macroscopic flow V n implies the necessity of re-determining the mutual friction coefficients at these scales, now related to the local cross sections between the roton gas and the quantised vortices [62] . This self-consistent dynamical approach was first employed to investigate the normal fluid velocity field induced by simple vortex configurations, namely vortex rings [29] and vortex lines [30] . Successively, this dynamical approach has been employed to study both the forcing of the normal fluid flow by decaying superfluid vortex tangles [63, 64] and, vice-versa, the stretching of an initially small superfluid vortex tangles by either a decaying turbulent normal fluid [31, 35, 65] or decaying normal fluid coherent structures as rings [66] or Hopf links [32] .
In the present work, we choose to employ the most recent formulation of the dynamical, self-consistent local approach [32] , slightly revisited. Consistently with the latter, we model each superfluid vortex line element as a cylinder of radius a 0 and length δ (coinciding with the spatial discretisation of vortex lines, see Section III A for details), where δ a 0 . The very small vortex core size a 0 implies that when a superfluid vortex is in relative motion with respect to the normal fluid it generates a low Reynolds number normal fluid flow around the vortex itself. Typical values of the Reynolds number associated to the vortex generated normal fluid flow observed in superfluid helium experiments are 10 −5 ÷ 10 −4 . Employing previous results obtained in low Reynolds number flow analysis [67] [68] [69] [70] , the force per unit length f D which the normal fluid exerts on the vortex line reads as follows
where D = 4πρ n ν n
is the velocity of the vortex line (see next paragraph II E) and v n is evaluated on the vortex line element, i.e. v n = v n (s(ξ, t), t), the interpolation schemes being described and tested in Section III C. With v n ⊥ we indicate the component of the normal fluid velocity lying on a plane orthogonal to s . The expression (13) for the viscous force f D acting on the vortex line differs from the most recent approach [32] as it is independent of the discretisation δ on the lines. Including further the Iordanskii force f I = − ρ n κ s × (v n −ṡ) [71, 72] , the total force per unit length f sn acting on the superfluid vortices stemming from the interaction with the normal fluid is as follows
In conclusion of this section, for the sake of completeness it is important to mention that also Eq. (12) has been employed to take into account the back reaction of the superfluid vortices on the normal fluid, by averaging f sn on a normal fluid grid cell containing many vortex line elements [26] [27] [28] .
E. The motion of vortex lines
The equations of motion of the superfluid quantised vortex lines are of straightforward derivation once Eq. (14) is taken into account. The vortex core being very small compared to other scales of the flow implies that the vortex inertia can be neglected. As a consequence, the sum of the forces acting on a superfluid vortex has to vanish. In addition to the mutual friction force f sn , being the vortex in motion with respect to an inviscid fluid (the superfluid component) whose circulation around the vortex is non zero (and quantised), the vortex is subject to the Magnus force f M , which, per unit length, reads as follows
where v s is evaluated on the vortex, v s = v s (s(ξ, t), t). The equation of motion is hence f sn +f M = 0 which, employing Eqs. (14) and (15), can be rewritten in the following form:
Assuming that each vortex line element moves orthogonally to its unit tangent vector, i.e.ṡ · s = 0, Eq. (16) leads [32, 62] to the following equation of motion forṡ(ξ, t)
where
and b = ρ n ρ s . Parameter-wise, from the physical point of view the motion of the vortices is hence governed only by temperature, which determines ρ n ρ s and ν n κ .
F. The self-consistent model
We have now introduced all the physical components to write a full self-consistent model of superfluid at finite temperature. The model comes from gathering the dimensionless equations (3), (4), (10), (14) and (17) . The dimensional scaling factors τ and λ can be chosen such that the integral time and length scales of the normal fluid are of order one. In particular we set
The dimensionless viscosity ν 0 n is set in numerics to properly resolve the small scales of the normal fluid. Note that Γ is dimensionless and depends on temperature. Finally, if the simulations need to be compared with experiments, physical time and length scales are recovered from Eq.(18) by choosing the unit of length of the system by setting λ. With this notation, the self-consistent model written in dimensionless form (after dropping tildes) reads
In Eq. (19) we also added the external force F ext in order to sustain turbulence in the normal fluid. We recall that the physical parameters α, β and Γ depend only on temperature. Their behaviour is displayed on Fig.1 using the tabulated values of ρ n , ρ s and ν n from reference [73] . Finally note that for a given temperature, there are two more dimensionless parameters
where v rms n is the root-mean-square or the characteristic normal fluid velocity and L 0 is its integral scale. The Reynolds number Re tells how turbulent is the normal fluid and turbulent intensity I turb measures the strength of counterflow (or mutual friction) with respect to normal fluid turbulent fluctuations. Note that, alternatively, we can also use a Reynolds number based on the Taylor micro scale Re λ of the flow, that provides a precise definition in terms of velocity gradients and fluctuations [74] .
III. NUMERICAL METHOD
The numerical integration of the self-consistent model (19 -22) demands a special care. In particular, the coupling between the vortex filament method and the Navier-Stokes equation requires interpolations to determine the values of the normal fluid at the filament position and a redistribution of the force from f ns to the mesh where the normal fluid is defined. As we will see at the end of this section, a carless treatment of the coupling immediately leads to spurious numerical artefacts.
In this section we describe the numerical method used to solve the self-consistent model (19 -22) and we provide a physical and numerical justification for choice of the numerical scheme used for the coupling between the equations. We will first briefly described the numerical scheme of the vortex filament method and Navier-Stokes equations and later we will explain the coupling method.
A. Vortex Filament Method
We shall briefly describe the underlying model for the motion of superfluid vortices, namely the vortex filament model (VFM). For a more in-depth overview of the model we point the reader to a recent review article [25] and references within.
The underlying assumption of the VFM is that vortices in the superfluid component can be considered onedimensional lines, around which the circulation is quantised in terms of the quantum of circulation κ. Indeed, in superfluid Helium II this assumption is reasonable as the core size a 0 is typically much smaller than any other characteristic length scale of the flow. There are however important phenomena, such as quantum vortex reconnections, where this assumption breaks down. We shall discuss how such events can be accounted for in the VFM at the end of present section, in paragraph III A 2.
Vortex spatial discretisation
In order to address numerically the temporal evolution of the vortex tangle L, we discretise the latter in an ordered sequence of vortex points whose time dependent position is indicated with {s i (t)} i=1,...,Np , where N p is the number of discretisation points employed. The distance between neighbouring points is kept in the range [δ/2, δ] by removing or inserting additional vortex points [75] . As the vortex configuration evolves so does this Lagrangian discretisation: as the vortex length grows so does the number of discretisation points. The latter are advected by the discrete correspondent of Eq. (17), namelẏ
where spatial derivatives on the vortex lines are performed employing fourth-order finite difference schemes which account for varying mesh sizes along the vortex filaments [75, 76] and time integration is performed using the thirdorder Adams-Bashforth method.
The dimensionless equation of motion is obtained by simply replacing velocities with their corresponding dimensionless counterpart. The interpolation of the normal fluid velocity v n on each vortex point s i presents some numerical issues, and the different tested schemes are outlined and discussed in Section III C. On the other hand, the evaluation of the superfluid velocity v s on the vortex points s i via Eq. (10), has to be dealt with caution as the Biot-Savart integral diverges for x = s i when s → s i . in Eq. (10). This singularity is removed in a standard fashion by splitting the Biot-Savart integral into a local and nonlocal contributions [48] , i.e.(omitting time dependency to ease notation)
where δ i and δ i+1 are the lenghts of the segments
is the normal vector to the curve in s(ξ, t) = s i and L is the vortex tangle spatial configuration without the section between s i−1 and s i+1 . To match the periodic boundaries used in the integration of the Navier-Stokes equations for the normal fluid (refer to Section III B), we approximate periodicity within the VFM by periodic wrapping. This involves duplicates of the system, surrounding the computational domain with copies of itself, the contribution of these duplicate filaments being then included in the Biot-Savart integral in Eq. (25) . In order to speed up the calculation of Biot Savart integrals and be able to investigate dense tangles of vortices, to compute Eq. (25) we employ a numerical method based on a tree algorithm [77] which scales as N p log N p rather than N 2 p .
Quantum Vortex Reconnections
The equation (9) describing the behaviour of the superfluid velocity governed by the quantised vortex lines expresses the underlying incompressible and inviscid Euler dynamics in integral form [78] . Hence, on the basis of Helmholtz theorem, the topology of the flow ought to be frozen, i.e. reconnections of the quantised vortices are not envisaged. We know however from experiments [79, 80] and from more microscopic models [81] [82] [83] [84] [85] [86] that superfluid vortex lines can effectively reconnect, exchanging strands with each other when they come sufficiently close, as envisaged by Feynman [87] .
As a result, in order to model quantum vortex reconnections within the VFM we have to supplement Eq. (24) with an ad-hoc algorithmical reconnection procedure. This strategy was originally proposed by Schwarz [47] , and since then a number of alternative algorithms have been proposed. Whilst this procedure is essentially arbitrary, it has been extensively tested [88] and many studies have shown good agreement between the VFM and experimental results.
B. Navier Stokes Solver
We solve Eq.(19) by using a standard pseudo-spectral code in a three dimensional periodic domain of size L x × L y × L z . We use n x , n y and n z collocation points in each respective direction. Derivatives of the fields are directly computed in spectral space whereas non-linear terms are evaluated in physical space. The code is dealiased using the standard 2/3-rule, and therefore the maximum wavenumber is k max = 2π min [n x /L x , n y /L y , n z /L z ]/3. The main advantage of pseudo-spectral codes is that non-linear partial differential equations are solved with spectral accuracy, that means that spatial approximation errors decrease exponentially with the number of collocation points. The drawbacks are that the geometry needs to be periodic and the intense use of Fourier transforms.
The additive external forcing in Eq. (19) consists on a superposition of random Fourier modes:
with F k a Gaussian vector of zero mean and unit variance satisfying F k · k = 0 (incompressibility condition) and
A second possible choice of forcing is the so-called frozen forcing. It is simply obtained by setting after each time step the velocity field equal to a prescribe field for wavevectors in a predefined range. Such kind of forcing mimics a physical forcing working at constant velocity.
The pressure in the Navier-Stokes equation ensures the incompressible condition. It is easily obtained by inverting the Poisson equation
We denote by P the projector into the subspace of divergence-free functions. It is defined as
The equation of motion for the normal fluid simplifies as ∂v n ∂t
In practice in numerics, we directly solve Eq.(28) as the projector P takes a trivial form in Fourier space. Note that the force acting on the normal fluid due to the interaction with the filaments needs also to be projected. Finally, remark that the mean normal fluid velocity can evolve in time due to the mutual friction force as a consequence of momentum transfer between components:
The equation of motion for the vortex filament given in (21) needs the values of the normal fluid velocity at the filament position, generically at intermesh points where the value of v n is not known. In principle, as the normal fluid is periodic, any intermesh value can be computed exactly (within spectral accuracy) by using a Fourier transform. We call this interpolation scheme Fourier interpolation and it will be used as benchmark for comparisons. The Fourier interpolation is extremely costly and prohibitive for practical applications, as it requires n x n y n z evaluations of complex exponentials per point of a vortex filament. Affordable interpolation schemes are typically defined on physical space and their accuracy depends on order of the method and on the regularity of the fields. The most commonly used schemes in three dimensions are Nearest neighbours, where the value of closest grid point is taken and Tri-Linear and Tri-Cubic, where the interpolation is performed in each direction by a line or a cubic polynomial. More recently, a new approach based on fourth-order B-splines has been proved to be specially well adapted to pseudo-spectral codes, non expensive and highly accurate [89] .
In order to study the effect of different interpolation schemes, we study how a vortex ring moves in a static spatially dependent flow. We do not take into account yet the retroaction of the vortex filament on the normal fluid. We consider a domain of size L x = L y = L z = 2π and a normal fluid being a superposition of ABC flows at different scales. The normal fluid is defined as follows:
with A = 1, B = −1, C = 5 and n max = 10. We evaluate the field in a mesh with N = 128 and 256 collocation points in each direction. As the largest wavevector is √ 3 n max , the Fourier interpolation is exact (up to round noise errors). We initialise a vortex ring of size R = 0.2387 and set the temperature at T = 1.95 • K. We let the ring evolve with the static normal fluid in the background. As the ring evolves it deforms because of the highly non-homogenous normal fluid. In order to obtain a quantitive comparison between different schemes, we measure the mean radius of the ring as a function of time R(t) = |s(ξ) − s center | where s center = s and the average is performed over vortex points. The temporal evolution of R(t) is displayed in Fig.2 for two different resolutions and different interpolation schemes. As expected, it is apparent that the error decreases when the number of collocation points of the normal fluid grid increases. It is also clear, that Tri-linear interpolation gives very poor results.
To better quantify the accuracy of the interpolation methods, we compute the relative error of the radius respect to the reference one obtained by Fourier interpolation
Its time evolution is displayed in Fig.3 .
Remarkably, the B-spline interpolation is found to reduce considerably the interpolating errors. The extra cost of this scheme is just one single fast Fourier transform independently the number of points to be interpolated. We chose this interpolation method to numerical integrate the self-consistent model.
D. Mutual Friction Force distribution
We now discuss the retro-action of the motion of vortex filaments on the equation for the normal fluid. This force, seen from the normal fluid, is δ-supported on the vortex-lines identified by the N p vortex points {s i (t)} i=1,...,Np and thus needs to be distributed on the grid points where the normal fluid is computed. More precisely, we denote by (α, β, γ), with α, β, γ ∈ [0, 1), the neighboring grid points of s i (t). The force f ns (s i (t)) exerted by the vortex filament on the normal fluid has to be distributed among neighbouring points using some weights w α,β,γ , as displayed in the sketch of Fig 
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q E t K x X b W l 5 Z X V t v b B R 3 N z a 3 t n V 9 / b b g k U c 4 R Z i l P G u C w W m J M A t S S T F 3 Z B j 6 L s U d 9 z J V e p 3 7 j A X h A W 3 c h p i x 4 e j g H g E Q a m k g W 7 F / W x I j 4 9 c J 7 b M U / u i X q t W L N P K 8 E O S s l 1 R 5 y Q Z 6 K V v z V g k d k 5 K I E d z o H / 0 h w x F P g 4 k o l C I n m 2 F 0 o k h l w R R n B T 7 k c A h R B M 4 w j 1 F A + h j 4 c T Z U o l x r J S h 4 T G u b i C N T P 3 d E U N f i K n v q k o f y r G Y 9 1 L x X y 9 V J G N U z C 0 g v X M n J k E Y S R y g 2 f t e R A 3 J j D Q 9 Y 0 g 4 R p J O F Y G I E / U F A 4 0 h h 0 i q j I s q G 3 s + i U X S r p p 2 z a z e 1 E u N y z y l A j g E R 6 A M b H A G G u A a N E E L I H A P H s E T e N Y e t B f t T X u f l S 5 p e c 8 B + A P t 8 w t j o 6 T w < / l a t e x i t >
(1, 1, 0)
< l a t e x i t s h a 1 _ b a s e 6 4 = " Q 9 4 C X C Z j i j 7 3 A W N X k A J O v P M P W 7 I = " > A A A C M H i c b Z D L S s N A F I Y n X m u 9 R V 2 6 C R a h Q g l J W 7 z s i m 5 c V r A X a E O Z T C f t 0 E k m z E y E E v I a P o h r t / o M u h K X + h R O 0 i j a e m D g 4 / / P m T n z u y E l Q l r W q 7 a 0 v L K 6 t l 7 Y K G 5 u b e / s 6 n v 7 b c E i j n A L M c p 4 1 4 U C U x L g l i S S 4 m 7 I M f R d i j v u 5 C r 1 O 3 e Y C 8 K C W z k N s e P D U U A 8 g q B U 0 k C 3 4 n 5 2 S Y + P X C e 2 z F P 7 o l 6 r V i z T y u o H k r J d s S v W S T L Q S 9 + a s Q h 2 D i W Q V 3 O g f / S H D E U + D i S i U I i e b Y X S i S G X B F G c F P u R w C F E E z j C P Y U B 9 L F w 4 m y p x D h W y t D w G F c n k E a m / p 6 I o S / E 1 H d V p w / l W M x 7 q f i v l y q S M S r m F p D e u R O T I I w k D t D s f S + i h m R G m p 4 x J B w j S a c K I O J E f c F A Y 8 g h k i r j o s r G n k 9 i E d p V 0 6 6 Z 1 Z t 6 q X G Z p 1 Q A h + A I l I E N z k A D X I M m a A E E 7 s E j e A L P 2 o P 2 o r 1 p 7 7 P W J S 2 f O Q B / S v v 8 A m I G p O 8 = < / l a t e x i t >
(1, 0, 1) By definition, the weights satisfy 1 α,β,γ=0 w αβγ = 1. After distribution of the force, some smoothing of the resulting force field could be in principle performed. This kind of numerical problem is often faced in active matter systems, where small point-like particles (i.e. swimmers, plankton, bacteria) retro-act on a classical turbulent flow. Let's rewrite the the normal fluid equation considering the discretisation of the vortex lines discussed in Section III A:
< l a t e x i t s h a 1 _ b a s e 6 4 = " A 8 T e G B w 5 C D e K U u I h N k q P L t V a U q Y = " > A A A C M H i c b Z D L S s N A F I Y n X m u 9 R V 2 6 C R a h Q g l J W 7 z s i m 5 c V r A X a E O Z T C f t 0 E k m z E y E E v I a P o h r t / o M u h K X + h R O 0 i j a e m D g 4 / / P m T n z u y E l Q l r W q 7 a 0 v L K 6 t l 7 Y K G 5 u b e / s 6 n v 7 b c E i j n A L M c p 4 1 4 U C U x L g l i S S 4 m 7 I M f R d i j v u 5 C r 1 O 3 e Y C 8 K C W z k N s e P D U U A 8 g q B U 0 k C 3 4 n 5 2 S Y + P X C e 2 z F P 7 o l 6 r V i z T y u o H k r J d s S r 2 S T L Q S 9 + a s Q h 2 D i W Q V 3 O g f / S H D E U + D i S i U I i e b Y X S i S G X B F G c F P u R w C F E E z j C P Y U B 9 L F w 4 m y p x D h W y t D w G F c n k E a m / p 6 I o S / E 1 H d V p w / l W M x 7 q f i v l y q S M S r m F p D e u R O T I I w k D t D s f S + i h m R G m p 4 x J B w j S a c K I O J E f c F A Y 8 g h k i r j o s r G n k 9 i E d p V 0 6 6 Z 1 Z t 6 q X G Z p 1 Q A h + A I l I E N z k A D X I M m a A E E 7 s E j e
r V i z T y u o H k r J V s S v 2 S T L Q S 9 + a s Q h 2 D i W Q V 3 O g f / S H D E U + D i S i U I i e b Y X S i S G X B F G c F P u R w C F E E z j C P Y U B 9 L F w 4 m y p x D h W y t D w G F c n k E a m / p 6 I o S / E 1 H d V p w / l W M x 7 q f i v l y q S M S r m F p D e u R O T I I w k D t D s f S + i h m R G m p 4 x J B w j S a c K I O J E f c F A Y 8 g h k i r j o s r G n k 9 i E d p V 0 6 6 Z 1 Z t 6 q X G Z p 1 Q A h + A I l I E N z k A D X I M m a A E E 7 s E j e
y k Z p B r M q s Z H K o d D V Y S 3 o K m F f q q T d c Q N q w P f E X 5 A O W G C Q t J + j s S R l T o U h H G s 9 8 l F h Y o u V Y Y T T q h W V m h a Y T P G E j h w V O K c 6 t v W 9 F T x w y h h m U r k n D K z V v z s s z r W e 5 a m r z L G 5 1 s v e X P y v N 1 e M l F w v H W C y f m y Z K E p D
where f i ns (t) := f ns (s i (t)), δ i is the length of the i-th vortex line element and the dependence on time of the mutual friction force has been explicitly reported as it will be play an important role in the subsequent part of the discussion. For the sake of simplicity, the external force has been omitted in Eq. (31) and a simple Riemann sum has been used to approximate the line integral. Note that a trapezoidal rule, which is a better approximation, may be numerically used by simply replacing δ i → (δ i + δ i+1 )/2 and readjusting the indices of the sum. It is thus evident that our problem is formally identical to coupling discrete, point-like, active particles to the turbulent flow of a classical viscous fluid.
It is well known that in systems dealing with active matter relevant physical quantities (e.g. aggregation and condensation, mixing, growing of species, etc.) may strongly depend on the choice of the force distribution method and the filtering scale [33, 34] . The same kind of unphysical issues appear in our self-consistent model. In order to illustrate this problem, we consider the simple case of a vortex ring moving in a initially quiescent normal fluid, similar to the setting studied in [29] . We consider a ring of radius R = 0.2387 and set the temperature at T = 1.95 • K. Because of mutual friction, the ring is expected to shrink. We compare the temporal evolution of its radius employing different filtering methods. We distribute the force to the nearest neighbour grid points, i.e. w α,β,γ = 0 for all grid points except the nearest one to s i . The resulting force field is then filtered by using either a moving average over N filter points or a Gaussian kernel of width N filter ∆x, where ∆x = L x /N x is the mesh size. Figure 5 displays the temporal evolution of the vortex ring radius for the different schemes. It is clear that dynamics of the ring and it shrinking rate is strongly dependent on the employed filtering procedure. Such dependence is clearly spurious and there is an evident necessity for a numerical method based on a physical background. In order to achieve this aim, we adopt the recently developed, rigorous regularisation approach capable of taking into account the strongly localised, singular response of point-like particles in classical turbulence [33, 34] . The advantage of this framework is that the regularization of the momentum coupling between point-like particles and viscous flows is based on the physics of vorticity generation and its viscous diffusion at very small scales: the two-way coupling is addressed in a physical consistent manner. Essential for our objective is that this regularisation may be employed in our quantum turbulent context as the Reynolds number of the flow (based on the atomic size of the quantised vortex core, the normal fluid -superfluid vortex relative velocity and the normal fluid viscosity) is very small.
In brief (we refer the reader to the original papers [33, 34] for further details), the approach we borrow from classical turbulence is based on the solution of the delta-forced linear unsteady Stokes equation. Accordingly to the classical formulation, we introduce the time-delay R coinciding with the time interval during which the singular, localised, instantaneously generated vorticity arising from the relative vortex motion with respect to the normal fluid is diffused to the relevant hydrodynamic scales of the flow, i.e. the spacing ∆x of the computational grid which the normal fluid velocity field is calculated on. This finite time delay R naturally regularises the delta-shaped nature of the mutual friction force f i ns (t)δ(x − s i (t)) via the fundamental solution of the diffusion equation
a Gaussian with standard deviation σ R = √ 2ν R . The resulting expression for the mutual friction force exerted by the i-th vortex line element on the normal fluid at generic time t in a point x is f i [33, 34] yielding the following modified Navier-Stokes equation for the normal fluid velocity field:
From the physical point of view, Eq. (33) implies that the strongly localised vorticity injected in the normal flow by the relative motion of the vortices is neglected until it has been diffused by viscosity to a characteristic length scale σ R = √ 2ν R . To be consistent and in order to take into account the vortex induced disturbances as soon as the relevant hydrdynamic scales are affected, we choose the finite time delay R so that σ R /∆x = 1. The extensive tests performed in the orginal paper [33] ensure that σ R /∆x = 1 is a suitable choice.
In theory, for each i-th vortex line element it is possible to compute the corresponding weight for each point of the numerical grid: it would sufficient to integrate the Gaussian kernel g[x−s i (t− R ), R ] over the volume ∆V = ∆x∆y∆z centred on the grid point. For instance, as displayed in the two-dimensional sketch of Fig.6 , the force coming from the the i-th vortex element at s i contributes to the force computed on mesh point x, but also on mesh point z, the weights being the integral of g(x − s i , R ) over their respective cells, represented by dashed squares in the sketch. This procedure would have to be repeated on each grid point for each vortex element: although exact, this approach is extremely costly. In addition, always referring to Fig.6 , the weight corresponding to mesh point z is very small as we choose σ R /∆x = 1; the diffusion based regularisation which we employ localises in fact the force in a sphere of radius σ R centred at s i . As a consequence, instead of distributing the force on each grid point by computing N x N y N z N p integrals g(x − s i , R ) all over the grid, we distribute the force only to neighbouring mesh points of s i , taking care of including the weights of far grid points. Proceeding in this fashion, the total force is preserved, as the integral of
, R ]dx = 1. As matter of example, in the sketch outlined in Fig.6 , the f ns (s i ) of point s i will be distributed among only the four neighbouring points. In order to use a conservative scheme, for each of the neighbouring points the Gaussian kernel g(x − s i , R ) will be integrated on the corresponding full quadrant (octant in three dimensions): in the two-dimensional simplified sketch in Fig.6 , this corresponds to integrating g over the region coloured in green for point x and over the yellow region for point y. The generalisation to three dimension is straightforward. The advantage of this approach is that the space integrals of g may actually be computed analytically.
The computations of the integrals leads to weights w αβγ that will be used to distribute the force among the neighbouring grid points of s i , corresponding to sketch and notation of Fig.4 . Note that because the Gaussian kernel g is normalised to one, we have by construction that 1 α,β,γ=0 w αβγ = 1. To compute the weights w αβγ , we first note that the integrals of g(x − s i , R ) can be factorised in each cartesian direction: we will therefore only compute the contribution in the x direction, the computation of the contributions of the other directions is formally identical. The weight for the grid point of the left of s x i (indicated with s x i , corresponding to α = 0) results from the onedimensional integral over (−∞, s x i + ∆x 2 ), whereas the weight for the grid point on the right ( s x i + ∆x, α = 1), stems from the integral over ( s x i + ∆x 2 , ∞). The one-dimensional weight is hence straightforwardly computed and reads as follows The integrals w β [s y i ] and w γ [s z i ] over the two remaining directions are performed in the same fashion. The diffusionbased weights for the three dimensional grid are finally given by
E. Numerical Strategy and Parallelisation
The numerical integration of the fully-coupled self-consistent model has been implemented taking advantage of modern parallel computing. The solvers of the vortex filament method and the Navier-Stokes equations are of very different nature and they only needs to interact through the evaluation of the mutual friction force. In this first version of the solver, we have opted for an hybrid OpenMP-MPI parallelisation scheme. Both, the vortex filament and Navier-Stokes solvers are handled by different MPI processes. Each MPI process contains many OpenMP threads, so each solver is also independently parallelised by using this shared memory library. The evaluation of the mutual friction force requires the communication between the two solvers that do not have access to each other fields and variables. The communication is managed through the Message Passing Interface (MPI) library at the end of each time step and the mutual friction is the applied. This kind of scheme is naturally adapted to modern clusters that contain many nodes, with each node having a large number of cpus having shared memory.
Finally, the values of the time steps for the Navier-Stokes equations and the vortex filament solver might be very different, being the vortex filament typically smaller. In order to speed up the code, depending on the physical problem, each solver can perform sub-loops (in time) to ensure numerical stability and an efficient integration of the full model.
IV. EXAMPLES
In this short section we show two physical applications of the full self-consistent model. We do not intend to introduce any new physical phenomena in this section, we want to validate our approach and show the computational capabilities of our implementation.
We first study the configuration investigated in the pioneer work of Kivotides et al. [29] , namely a vortex ring moving in a initially quiescent normal fluid. In that work, it was observed that due to the interaction between the two components, two normal fluid vortex rings are created accompanying the superfluid vortex ring. We integrate our self-consistent model using as initial condition a vortex ring of radius R = 0.2387 in a box of size 2π and set the temperature to T = 1.95 • K. A visualisation of the simulation is displayed in Fig.7 . The superfluid vortex ring is displayed in green whereas the two resulting normal fluid vortex rings are rendered in reddish colours. We also show a slice perpendicular to vortex ring, where the normal velocity component in the direction of the movement of the vortex rings is rendered in blue colours. A wake behind the rings is apparent. Our implementation of the self-consistent model naturally allows us to study the effect of normal fluid turbulence in the dynamics of vortex rings. As discussed in section III B, we can easily add an external forcing F ext to the Navier-Stokes equations in order to sustain turbulence. We first produce a turbulent state using a volumetric external forcing, where F ext is equal to the ABC flow defined in Eq.(30), but only on the largest scales (n max = 1). We use a resolution of 256 3 points, which allows us to obtain a Reynolds number based on the Taylor micro-scale Re λ = 127. Once, the turbulent state is prepared, we study the evolution of a ring of radius R = 0.2387 in a box of size 2π at temperature T = 1.95 • K. The initial condition used in our self-consistent method is displayed in Fig.8 (top left panel) . We clearly observe the turbulent fluctuations of the normal fluid displayed by the reddish rendering of the normal fluid enstrophy. As the time evolves, the turbulent fluctuations destabilise the ring, inducing large amplitude Kelvin waves. After a couple of large-eddy-turnover times, the vortex filament will self-reconnect leading to more and more complex rings that will finally create a turbulent superfluid vortex tangle in equilibrium with the turbulent normal fluid.
It is apparent from the visualisations of the temporal evolution of the ring that normal fluid fluctuations are responsible for an increase of the total vortex length. In Fig.9 we display the temporal dependence of the total vortex length. Remarkably, there is a change on the behaviour at times of the order of one T L , indicating that normal fluid fluctuations should play and important role in quantum turbulence. This is an interesting question with important consequences on current quantum turbulent experiments. It is also natural to expect that the evolution of the vortex length might strongly depend on temperature and on the initial superfluid vortex configuration. It is clear that, a performant, accurate and physically sound solver of the fully-coupled self-consistent model of quantum turbulence will lead to a very novel research on turbulent quantum fluids.
V. CONCLUSIONS
In this investigation we have outlined a novel algorithm for the numerical simulation of quantum turbulence at finite temperatures. Distinctive of our numerical architecture are (i) the parallelised, efficient, pseudo-spectral code, capable of distributing the calculation amongst distinct computational cluster codes, and (ii) the forcing scheme employed for the normal fluid. These features allow to resolve a wider range of flow length scales compared to previous studies, spanning from large, quasi-classical scales to small, quantum peculiar ones. This is of fundamental importance in order to address and investigate the characteristics of quantum turbulence shared with the classical counterpart, and the features specific to quantum turbulent flows.
From the physical modelling point of view, we introduce a novel, local approach to the computation of the mutual friction force, stemming from creeping flow analysis and independent of the numerical discretisation on the vortex lines. In addition, we have also implemented an exact regularisation of the mutual friction force based on the smallscale viscous diffusion of the disturbances generated by vortex motion in the normal fluid. Overall, the numerical algorithm contains thus significative innovations with respect to numerical codes previously described in literature.
After a detailed description of all the distinct features of our algorithm, we validate the latter by calculating the normal fluid structures generated by the motion of a quantum vortex ring, recovering the "triple vortex ring" observed in the pioneering work performed at the beginning of the century [29] . Subsequently, we show the capability of our numerical code to simulate the temporal evolution of a superfluid vortex tangle, resolving a wider range of flow length scales compared to state of the art numerical simulations.
In conclusion, our novel algorithm paves the way for a new series of investigations of quantum turbulence at finite temperatures. For instance, the wider range of scales resolved by the algorithm, thanks to the high parallelisation of the code, and the numerical scheme employed for the forcing of the normal fluid, open the possibility of investigating numerically the statistically steady-state characteristics of the velocity fields of the normal and superfluid components at scales smaller than the average inter-vortex spacing, where the singular and quantised nature of the vortices is expected to play a fundamental role. The insight gained could prove to be very important for e.g. the comprehension of the microscopic mechanisms leading to the locking of the energy spectra of the normal fluid and the superfluid component, when turbulence is forced mechanically. Finally, the extension of the numerical algorithm described in the present study to thermal counterflow turbulence could allow to better characterise this turbulent regime which does not have a classical analogue and occurs without an energy cascade [20] .
